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Local cooperativity mechanism in the DNA melting transition
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We propose a statistical mechanics model for the melting transition of DNA. Base pairing and stacking are
treated as separate degrees of freedom, and the interplay between pairing and stacking is described by a set of
local rules which mimic the geometrical constraints in the real molecule. This microscopic mechanism intrin-
sically accounts for the cooperativity related to the free energy penalty of bubble nucleation. The model
describes both the unpairing and unstacking parts of the spectroscopically determined experimental melting
curves. Furthermore, the model explains the observed temperature dependence of the effective thermodynamic
parameters used in models of the nearest neighbor type. We compute the partition function for the model
through the transfer matrix formalism, which we also generalize to include nonlocal chain entropy terms.
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[. INTRODUCTION purposes, the nearest neighlidiN) thermodynamic model
[3] gives adequate predictions. In this model, the free ener-
Conformational transitions are a major area of research igies for all possible dimer combinationé.e., double
the physics of biological polymers, and in this area DNAstranded sequences of length&e assigned, and the total
melting represents one model problem, because of its relativiéee energy is the sum of the dimer free energies for the
simplicity compared for instance to protein folding. The SPecific sequence. Since there are ten different dimers, this
stable conformation of double strandéts) DNA at room  Model has ten parameter sets. Pairing and stacking interac-
temperature is the double helix. The two strands are hel§Ons are lumped together into effective free energies of the
together by hydrogen bonds between Watson-Crick compledimer. Most theoretical investigations of the nature of the
mentary base pairBPs: A-T, stabilized by two hydrogen melting transition have on the other hand been carried out

0 __ ) ; using models of the Poland-ScheragdS kind or the
Egzgz((ﬁgél gﬁ(rBTj)l%)i] a?ﬂe?ug(,t zvéﬁotxzzozgﬂmﬁ? Peyrard-BishogPB) kind. In the PS type models, the parti-
37 B3l ) y tion function for the molecule is written as a sum over

portant attractive_ ir_lteractiqn is between a_djacent bas_es on th hple state$4—7]. A considerable effort has been devoted
same strand. This interaction favors keeping successive basgsihe nontrivial question of the correct statistical weights for
of the same strand stacked like a deck of cards, and is rgne pubbles and the order of the phase transition in the ther-
ferred to as stacking. The main destabilizing interaction isnodynamic limit[8,9]; by contrast, here we focus on the
the repulsive electrostatic force between the negativelyjuestion of which degrees of freedom are crucial for a sta-
charged phosphate groups on either strand; this interactiofistical mechanics description of oligomer melting curves.
can be modulated through the ionic strength of the solventThe PB approach is based on an effective Hamiltonian for
As the temperature is raised, two processes alter the doubthe molecule which contains potential energy terms for the
helical conformation: base pairs may break apart, giving riseelative motion of opposite bases on the two strands as well
to bubbles of single strandgdsg DNA, and bases may un- as adjacent bases on the same stfdidl This is closest to
stack along the single stranfg]. At the critical temperature our own approach described below, in that here a local
where the two strands completely separate, there can still bmechanism arising from the interplay of two different de-
significant stacking(i.e., secondary structurén the single grees of freedom is responsible for the cooperative behavior
strands; this melts away as the temperature is raised furthesf (or long range interactions alonghe bubbles. Modern
the single strands finally resembling random coils at suffi-developments of Peyrard-Bishop-like Hamiltonian models
ciently high temperature. were applied to describe DNA unzipping under an external
Simplified statistical mechanics models of the transitionforce [11-14.
(i.e., models with a reduced number of degrees of freedom In a previous papef15] we underlined the notion that
compared to the real moleculbave a multiplicity of pur-  melting profiles of DNA oligomers show the contribution of
poses, from quickly predicting melting temperature for ap-two different processes: unpairing of the complementary
plications such as polymerase chain reaction primer desigiases on opposite strands, leading to local strand separation,
to studying the nature of the phase transiti@mether con- and unstacking of adjacent bases on the same strand, leading
tinuous or discontinuous, for instarjcand how it depends to loss of the residual secondary structure of the single
on sequence disorder, applied fields, etc. Indeed, to extrastrands, i.e., to a random coil conformation of the ss. Accord-
the thermodynamic parameters related to DNA melting fromingly, if a model is to describe the melting profiles in the
the experimental measurements requires a statistical mechamhole experimental temperature range, including at tempera-
ics model specifying the states in configuration space tdures beyond strand separation, but where residual stacking
which the free energies to be measured refer. For practicahay still be present in the ss, then pairing and stacking must
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be considered as separate degrees of freedom in the modéie notation we will use the statistical weights!

In [15] we pursued this approach through a model combining=exp-8G), Uf=exg-BG™), and U=exp-BG™"),

a description of stacking in terms of an Ising model andwhere 8=1/T. The model has a unique ground state—
pairing in terms of a zipper model. We showed by compari-unmelted double helix with all bases paired and stacked—
son with the experiments that the Ising model gives an adand many different excited states, even after complete strand
equate description of stacking. However, the zipper modetlissociation. All thermodynamic parameters, i.e., pairing and
description of pairing15], initially adopted for simplicity, is  stacking enthalpies, entropies, and free energies, are referred
unsatisfactory in that it considers only states where the molto the ground state. Therefore, unlike in most of the litera-
ecule unzips from the ends. Here we introduce an improveture, we are dealing with positive energies and entropies of
description, where pairing and stacking are both Ising varithe excited states calculated with respect to the ground state.
ables, there are only nearest neighbor interactions, but theta a dimer base pairing is shared with the complementary
are constraints on the possible states of the fundamentéhsegthe stackings are not shajetherefore all pairings in
dimer (two adjacent bps which represent the geometrical the dimers will be counted with coefficiedt We suggest
constraints in the real molecule. We detail the states of thénat if both pairing interactions in the dimer are “closed,”
dimer below, but to give an example, one open bp followedthen the stacking interactions are necessarily also closed,
by one closed bp means necessarily at least one unstackinghile if both pairings are “open,” then the stackings may be
translating into one out of all possible dimer states being:losed or open, the opening of the stackings resulting in a
forbidden. Thus while in the zipper model the cooperativityfree energy ga”GSt or GSt Thus in this description the free

of base pairingi.e., the tendency for base pairs to open inenergy gain for complete unpairing of the NN dimer is
contiguous segments, or in other words the existence of a

nucleation penalty for the bubblis put in “by hand,” here it G = (G +G[,1)/2 = T{In[1 + exf~ BG)]
results from a local mechanisfthe interplay between pair- _ pestt
ing and stacking This idea is also present in the PB models, +In[1 +exp= SG) 1, D
and indeed our approach is closest to the PB and NN modelg/here the argument of the logarithm is the partition function
but differing in the implementation of the underlying phys- expressing the fact that the unpaired dimer can be either
ics. stacked or unstacked. The enthalpy and entropy gain upon
Stacking interactions in ss DNA were described years agmelting of the NN dimer can be easily calculated from Eq.
[16—18, but only three out of 16 stacking parameters have(1), and it is evident that these effective thermodynamic pa-
been measured precis¢®]. The major difficulty in the mea- rametergwhich are the ones used in the NN mo{®)) are
surements is to separate the contributions of pairing andow temperature dependent. We come back to this point
stacking interactions. As a result, the stacking interaction hakuter.
not been incorporated into the DNA melting models as a Each nearest neighbor dimer has two stacking degrees of
separate degree of freedom. In practice, stacking was irfreedom and two pairing degrees of freedom, which can each
cluded in the NN mode[3] as a correction to the pairing be open or closed, for a total of216 possible states. We
interaction parameter set. In the model below, we introducéntroduce a local mechanism which gives rise to the coop-
stacking as a separate interaction with its own set of thermeerative behavior of the bubble, by implementing two local
dynamic parameterstacking enthalpy and entrop$]). The  geometrical constraints. The first is that unstacking of two
thermodynamic parameters of the NN model can be calcuadjacent bases is only possible after unpairing of at least one
lated from these separate paring and stacking parametesf, the bases. The second constraint requires at least one
and appear then to be temperature dependent. We use thicking of the dimer open if one pairing is open and one
transfer matrix formalism to compute the partition function pairing closed. As a result, only 11 out of 16 states are ad-
for our model, and compare to the experimental meltingmissible(Fig. 1). The geometrical origin of the constraints is
curves. In Secs. V-VI we extend this formalism to take intothat pairing interactions can prevent unstacking, and unpair-
account the non local part of the loop entropies. ing of exactly one out of two adjacent pairings requires spa-
tial separation of the unpaired bases, which is impossible
without at least one unstacking. Thus for instance @gis
applicable only for completely unpaired dimers, and not for
Let us consider the NN model dimes: B|+1/B B|+1’ partially melted dimers. These constraints require mandatory
=1,...,N-1. The dimer has four DNA bases arranged intounstacking at the beginning of the melting fork, and there-
two ant|parallel strandB;B;,, andB;, B/ (listed from the 5 fore imply a penalty for opening a bubble.
to 3’ end. The pairing interaction is between complementary
basesB;, B ; the stacklng interaction between adjacent bases
Bi, Bi:1 and B,+1, B (considering stacking order from thé 5
to 3’ end. The free energies of th¢h stacklngs between the It is convenient to write the partition function in the trans-
based; andB;,, of the B strand and bas@+1 andB; of the  fer matrix formalism; the mathematics is the same as for
complementar)B strand areG™ andGSt respectlvely, while instance in the corresponding treatment of the one-
Pis the free energy of thith pairing between the basBs  dimensional1D) Ising model of ferromagnetisii9] or the
and B;. The free energy parameters result from the correhelix-coil transition in biopolymerg20,21. Two adjacent
spondlng entropies and enthalpi€s=E;—-TS. To simplify =~ NN dimers share one pairing interaction. Therefore, the

Il. STATES OF THE NN DIMER

I1l. TRANSFER MATRIX FORMALISM
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> > characterized by the two-dimensional vedtoolumn Yy. In
1 2 X 3 X 4X the following we will use free boundary conditions on the
V. DNA molecule ends unless otherwise specified, i.e., all pos-
3¢ X sible states of the first and the last base pairs are admissible.
5 X Xe % 7 % 8 The vectorY;=(yio,Yi1)" corresponds to théth pairing
o (from the B end and can be calculated recursively from the
3¢ . N 3’ end by Y;=AY,,;. The partition function of the whole
5 & ]; N :: & >>< DNA is the product of the 5end boundary condition vector
N X1, (N=1) transfer matrixes corresponding to the NN dimers,
B X N and 3 end boundary condition vectdfy:
N N
G D DA DY
¢ 3¢ ZN:X1<H Ai)YN- )

i=1

FIG. 1. Each NN dimer has two pairingeertical lineg and two The partition function can be also written Zg=X,Y;, there

stackings(horizontal lines. The broken bonds are crossed. The . no summation, and ariyirom 1 toN can be chosen. In the
horizontal lines represent the strands. There are 16 states of t % . )
ansfer matrixA,

dimer; admissible states of the NN model dimer are the states fro
1 to 11; the states from 12 to 16 are prohibited by the geometric
constraints. A= (

& 00 31,01), 3)
. . & 10 A1
transfer matrix technique for the model propagates the state
of the pairing interactions only. The state of ilile pairing is  the value 0 of the index of the matrix elements corresponds
described by the two-component covect¢string X;  to closed pairing, and 1 corresponds to open pairing, i.e., the
=(X0,%.1), 1=<i=<N. The first covectorX; describes the matrix elementa oo=1 describes the ground state of the
boundary condition on the’%nd of the molecule. The cov- dimer with all pairings closedy, o; describes the states with
ector componenk; ; describes the partition function of the the first pairing closed and the second pairing op&ng
i-mer with the last pairing closed; ; describes the case of describes the states with the first pairing open and the second
the last pairing open. The>22 transfer matrixy transforms  closed; andy ;; describes the states with both pairings open.
covectorX; into covectorX;.;=X/A; (there is no summation To write the explicit form of the matrix elemen(8), note
over i). The transfer matrix; corresponds to théth NN  thata go=1 corresponds to diagram 1 in Fig. &, corre-
dimer and contains thih stacking, theth stacking of the sponds to diagrams 2, 3, §; 1, corresponds to diagrams 6,
complementary strand, and tith and(i +1)th pairings. 7, 8; andag; 1, is the statistical weight corresponding to the
To calculate the partition function of the entire molecule free energy Eq(l), and corresponds to diagrams 5, 10, 9, 11.
we need a boundary condition on thé éd which can be The result for the transfer matrix is

_ ( ) WU+ Ust + ufus) ) (4)
WU U Ut VUPUE @ U o st )

The contributions of the pairing free energies are countedorresponding statistical weight into thé Boundary covec-
with coefficients 2, or the square root of the statistical tor X; and the 3 vectorYy;
weights. The sums correspond to summing the different dia- _ 5 _ [
grams of Fig. 1 in the partition function; the products corre- X1 =(1VUp), Y=(1AVUY (5)
spond to adding the free energies of pairing and stacking.  To include in the model the entropy gafy due to com-
The first and the last dimers do not have adjacent dimerplete strand dissociation, we calculate the correction to the
on their 8 or 3" ends respectively. Theo)vectorsX, and  state with all pairings open:
Yy specifying the boundary conditions are multiplied by the
first and the last transfer matrix in the partition functi@.
Covector X; describes the first pairing interaction share
with the first dimer already described by the transfer matrix ©6)
A, and vectorYy describes the last pairing shared with the
last dimer already described by the transfer matix,;. We  The final partition function is the sum of the partition func-
include% of the pairing interaction or the square root of thetion (2) and the correction6):

N-1

o 2o =Lexp(Sy) = LNUTURTT [VUPUR, (1 +Upy @ + U],
i=1
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Zioa= Zn+ Zyp- (7) TAT GGC CGC TGC GCG L60 can form a hairpin, but the

contribution of hairpin states above the dissociation tempera-
To calculate any local observables, for example the probg e is negligiblg 15].

abilities of unstacking or unpairing of some specific bond,
we first calculate alX andY vectors in advance. In the form
of the patrtition function

For the experiments, synthetic oligomers were annealed in
phosphate buffer salin@BS at an ionic strength of 50 M,
pH=7.4, and the uv absorption curfevas measured at 260

Z0= XY =% oY 0+ Xi1Yi1 (8) 2{21)!{] a 1 cmoptical path cuvettdsee Figs. @al) and
(valid for anyi), the first term is the partition function for the To compare the model with the experimental data, the uv
system with théth bp closed, the second term is the partitionabsorption is assumed to be a linear function of pairing and
function for theith bp open. Thus the probability that tita stacking:
bp is unpaired is
f=(NaPyn,+ 2(N - 1) 6P ns+ )/C, (12

Punpaill) =4/ Zn: ©) where P, and Py, are the probabilities of unpairing and
Similarly, to calculate the probability that thth stacking of  unstackingC is the concentration of the DS oligomer, mea-
the primary strand is unstacked, we take the prod&tY,,  sured in millimoles,a and & are the extinction coefficients
where the matripA is derived from the matri\ in Eq.(5)  for unpairing and unstacking, measured in mrhohi? (the
by keeping only the Fig. 1 diagrams corresponding to thispptical path being 1 cinm The uv curves were normalized so
unstacking, in this case diagrams 2, 4, 6, 8, 10, 11. Thus thatf=1 corresponds to strand dissociation. To measure the
0 0P (USt+ USiUS™ fraction of dissociated moleculgsfor L60 we use a quench-
Al= ( - VU (U7 + UPUT) ) ing techniqgue which we have described befd&2,23.
VUP(US + UBUY)  JUPUE (U + USUSY) Briefly, to determine the dissociation curve [see Fig.
2(a?)], the sample is heated at temperatliseghen quenched

(10 to ~0°C. Because the sequence L60 is partially self-

and the required probability is complementary, molecules which were dissociated at tem-
) 1 peratureT; form hairpins after the quench. The relative num-

Punstacki) = XiA i1/ Zy. (1) per of hairpins (representing the fraction of dissociated

The average number of open BPs is the Sﬁﬁlpunpan(i), moleculesp at temperaturd;) is determined by gel electro-

and similarly for unstacking. phoresis. _ _ _

In summary, the difference between th& 2 model[de- In Fig. 2 we display the melting curves from the experi-
scribed by Eqs(2) and(3)] and the existing standard form of Ments(symbols and the modelcontinuous linek In Figs.
the NN model[3] is that the partially melted dimers are 2(a2 and 2b2) we show the fraction of dissociated mol-
considered specially. This internal structure of the dimer£cules calculated from the model using the same parameter
gives rise to a temperature dependence of the effective NN@lues as for the fit of the uv absorption curves. The se-
model parameters, expressed in EX. We show below that duence L13-2 is not self-complementary, so in Fip22 we
the 2x 2 model is an improvement with respect to the NN ShoW only the predicted dissociation curve.

model in describing oligomer melting curves. There is how- FOr Simplicity, in the fits the model was used with just one
value for all stacking thermodynamic parameters, namely,

ever still at least one important piece of physics missing :
from the model, namely, a better estimate of the entropy optecking enthalpy and entropy of 4500 K and 12, respec-

the bubbles(loops. In the present model, as in the NN tVely. Also, for L13-2 (which is nearly homogeneousve
model, the number of states increases exponentially with thiS€d just one set of pairing enthalpy and entropy. Here and in

length of the bubble, i.e., the entropy is linear in the bubbleN€ following we measure energies in kelvin and entropies in
length. But in the real system the bubble is a loop whichunits ofkg. Table | shows the values of the other parameters.

results in a logarithmic correction to the entropy. The exact "€ high value of the dissociation entropy for L60 reflects a
form of this correction(including excluded volume effedts def|C|enc_y of the model: if we introduce a Iog_anthmlp bubble
has been addressed in the PS type mdded. It is possible entropy in the form of Ref[8], L60 can be fitted with the

to include these effects in a generalization of the present@Me dissociation entropy as for L13-2, while the other pa-
formalism which we present in Sec. V. rameters of the fit change only about 5%. We cure this

anomaly in Sec. V.

There is a discrepancy between the experimental data and
IV. RESULTS FOR THE 2 X 2 MODEL the model in the lower part of the dissociation cu(a@) Fig.
2; the reason is not clear, but it may be related to the hairpin
states of the 60-mer, which are not counted in the partition

We compare the model to two oligomer sequences. Théunction of the model.

first oligomer sequence L13_2 used in the measurement is The values in Table | for the stacking and pairing enthal-
CG rich and forms no hairpin€CGA CGG CGG CGC &  pies and entropies are all within the range of values found in
The second sequence L60 is partially self-complementaryhe literature[1,21]. The thermodynamic parameters for the
and has an AT rich tract in the middIECG CCAGCG GCG model can in general be extracted from the uv melting curves
TTA TTA CAT TTA ATT CTT AAG TAT TAT AAG TAA and differential calorimetry data of specially designed oligo-

A. Melting curves of oligomers
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FIG. 2. (a)), (b1) Normalized uv absorption spectfaneasured
at 260 nm for the L60 and L13-2 ds DNA oligomers. The experi-
ments are the circles; thex22 model is the solid line(a2), (b2)
Measured and predicted dissociation curye$or L60, and pre-
dicted dissociation curve for L13-2. The measurementgaid
(filled circles were obtained from the quenching method. The 2
X 2 model is plotted using the same parameter values d&alin

(b1). The source of the discrepancy between the experimental data

and the model ifa2) is not clear, but possibly it is related to the

hairpin states of the 60—mer, which are not counted in the partition

function of the model.

mer sequences. Thus, the A-A, T-T, and C-C stacking param-

eters(enthalpy and entropywere obtained if2] from the
melting curves of homogeneous single stranded (@9ly
poly(T), and poly¥C) sequences, using an Ising model to fit
the melting curves. In our own wofld 5] we showed that the

PHYSICAL REVIEW E 71, 041909(2005

TABLE |. Values of the thermodynamic parameters which pro-
duce the fits to the experimental melting curves shown in Fig. 2,
using the 2<2 model. Energies are measured in kelvin and entro-
pies in units ofkg.

Oligomer S  Egg S Ehr Sar
L60 34 5040 14 2800 7.4
L13-2 9 5120  13.92

unstacking transition, which is above 100 °C for many com-
binations, can be moved to an experimentally accessible tem-
perature range by decreasing thid, and we also showed
that the simple Ising model gives a good description of the
transition. However, a complete determination of all param-
eters is difficult. The G-G stacking parameters cannot be
obtained easily because ss g@y may form quadruplexes.
Several other stacking combinations are also difficult to ob-
tain from the ss melting curves, since many periodic DNA
sequences are also self-complementary, and stacking and
pairing interactions cannot be readily separated. Eventually,
those stacking parameters which are difficult to extract ex-
perimentally will hopefully be calculated from all-atom mo-
lecular dynamics simulations, and verified experimentally on
selected DNA sequences.

The pairing thermodynamic parameters are usually ob-
tained from experimental data for short sequences using a
two state mode|3]. However, a contribution from stacking
is always present in these determinations. To subtract it, one
needs a more advanced model of DNA melting. Again, all-
atom simulations might help here.

In summary, at present the accepted thermodynamic pa-
rameters for DNA melting are unfortunately somewhat
model dependent. Parameters obtained from experimental
data using one statistical mechanics model must typically be
modified to be used in a different model.

B. Temperature dependence of the NN model parameters

Figure 3 shows the specific heat calculated from the par-
tition function (2) for the oligomer L13-2. There is a gap in
the specific heat on the two sides of the transition, which in
this model is due to the residual stacking bonds breaking in

0 [\

0 [\

0 / \

0 /N
0 / Tem?erature, 'C

30 50 70 90

FIG. 3. Thermal capacity of the DNgper NN dimmer, in units
of kg) calculated from the X2 model partition function of the
13-mer. The residual thermal capacity after strand dissociation is
due to the residual stacking.
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00 JEG __oe==TT % transitipn at .the strand separation temperature in the thermo-
————————— s dynamic limit depends on the value of the const@gt If
w000 | 20 Cg=1, the average_size of the bubblg_ is finite at any tem-
................. perature and there is no phase transition. #@Qz<2, the
-E . . s e .
2000 —a 110 average size of size the bubble goes to |n_f|.n|ty_ at the. phase
s transition temperature and the phase transition is continuous.
o o If Cg>2, the average bubble size right before the phase
transition is finite and the phase transition is of the first order.
.2000 Temperature, 'C 10 The usual approach to the PS model is to consider the
30 50 70 90 “bubble” as a particle and to calculate the grand partition

function in the thermodynamic limit in terms of bubbles. The
FIG. 4. EnthalpyE (long dash, entropyS (short dash and free  yse of the grand partition function requires a variable number
energyG (solid) gain upon NN dimer opening, calculated for L13-2 of DNA bases and the fugacity, which is not very transparent
from Egs.(1), (13), and(14). Energies are measured in kelfieft  and nonconstructive, i.e., the grand partition function cannot
hand scalg and the entropy in units d& (right hand scale be used for the calculation of the partition function of an
inhomogeneous DNA molecule of finite size, and is ineffi-

the single stranded DN/after strand separatipnAccording ~ cient for calculating local quantities such as the probability

to Fig. 3 the thermal capacity gain per dimer is abowgz@  ©Of opening a bubble of a given size in a given place.

a temperature of 90 °C, which is roughly consistent with the The local states of the NN model dimer described by the

literature values reviewed if24]. transfer matr|>(3) and correspondllng:o)vectors do not con-
The thermodynamic parameters of the NN model can pdain any information about the distance between bases once

.~ they have separated, or the bubble size. The long range
calculated from the free energy of the completely unpaire >
- : ubble entropy penalty cannot be described by the22ma-
dimer, Eq.(1). The enthalpy calculated from E€L) is trices. Therefore, we extend the algorithm from the two-

ENNT) = (EP + ED)/2 + P(TES + PSY(T)ES", (13)  dimensional covectorX; (and corresponding vectod4) of
the 2X2 model to multidimensional covectors. While the

and the entropy is covector component, q still describes the partition function
NP N " of the i-mer with the last pairing closed, the covector com-
SN =8+ Sh/2 + BIPTMET+ PH(ME"] ponentx; , (n=1) is the partition function of théth mer with
+In{[1 + exg— BGHY][1 + exg— G ]} exactlyn open base pairs at theé 8nd of the subsequence.

For examplex; ; corresponds to theh base pair open, with
(14) the (i—1)th base pair closed. For tiemer the maximal size
We plot these quantities in Fig. 4 for the oligomer L13-2 of the bubble iN (the strand dissociated statnd the maxi-
using the thermodynamic parameters from the uv spectrurfl@l size of covectoi; is N+1. B
fit of Figs. 2b1) and 2b2). We use the matrix elements of the transfer ma#gxn-
troduced before to describe the local states of the NN dimer
and parametrize the extend@di+ 1) X (N+1) transfer matrix
V. REFORMULATION OF THE MODEL TO INCLUDE D;. The dimer with all base pairings closed is described by
THE POLAND-SHERAGA BUBBLE ENTROPIES the matrix elementd; jp=a; go=1. The dimer with the first
In the PS type models the states of the DNA are classifieﬁnzzstﬁxpge%o;?t; Efztgi 18 e-[(-:r?g dflj||3szgéi c;i;r:;:stegrz: ddg}l the

n te;msnof nor];)rllterbac;lglg bﬁbles'f 1}?8 pa}rntlon fugcg'(?(nscribed by the matrix elements, .1 =a; 13, where the index
counts afl possibie bubble states ot the polymer and takeg; yicatas how many bases are open in thdigection from

into account cooperative effects within the bubbles; namelythe dimer. All bubble penalty effectas well as the hairpin

the bubbles are characterized by the energy penalty of thf?)rmation effects are taken into account at the site of the

E[Jcijﬁg gggdzsacvilfhaesf:xoerﬁglrzyegggg%ypfroorpt?]rg%?g;;%;h(%ubbIe closure and incorporated into the corresponding ma-
! i - =yB ) B =

the melting forks. If the bubble is bounded by two ds seg- element,d, no=UP(n)a, 10, whereUP(n) =ex ()] (for

ments, there is an extra entropy cost for terminating the ran'—> n) are the sta_1t|st|cal weights corre;pondl_ng to th_e entropy
Ity for closing the bubble, arldf(l):l sincen=i cor-

dom walk of the DNA single strands at the end of the bubbleP€"2 :
(i.e., making a closed loopThe energy penalty for the melt- responds to the melting fork at thé &nd. All other elements

ing forks can, in our formalism, be absorbed into the statis-Of the transfer matrbD; are equal to zero. Explicitly, for the

; ; e ; tem of size N the covectoK;, has the form: X
tical weights describing openin@y;) and closure(a;g) of Eys X o !
the bubble, in a sequence specific manner. The bubble eﬁ-(xi’o’xivl%“'_’X_"N)_’ k\]NT]erTX"Ob'S tTe pdartltf_? su1m<foL the
tropy proportional to bubble size reflects the entropy gain_SyStem of size with the last bp close , W & (1<n<i)
upon breaking of the pairing interaction: we absorb it into!S the partition sum for the system of sizeith the lastn bp

the statistical weights describing open diméag). Then we ~ OP€N-Xi,=0 for n>i, because the bubble cannot be larger
are left with a bubble entropy of the for@P(n)=-Cg In . than the size of the sequence. The recursion relations in this

The constanCg depends on the dimension of the random"Otation are:
walk; its estimates can be found in an extensive literature Xis1 0= B00% 0+ > a 1dUB(N)X, 1, (15)
[5,6,15,17. According to[3,15,17 the order of the phase o MO o T
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TABLE II. Values of the thermodynamic parameters which pro- models. The parameters were adjusted “by hand,” because
duce good fits to the experimental melting curves for L60, using thehere are too many parameters to perform a global fit. The
2x2 andNX N models. Energies are measured in kelvin and en-stacking parameters were kept the same for both models. The

tropies in units ofkg. introduction of the bubble exponent makes little difference
- - for the 13-mer, whereas for the 60-mer the dissociation en-
Model S Ece SES Ear Sar tropy S, in the N < N model is 9 instead of 34, i.e., the same
2% 2 model 34 5040 14 2800 74 as for the 13-me(see Table ). Th_us theN X N model cures
Nx N model 9 5000 142 2700 . an anomaly of the 22 model, since we expect the disso-
mode ' ' ciation entropy to depend on DNA concentration, not DNA
length.
B The advantage of our model is the correspondence of the
Xi+1n= & 1% n-1, N=1. (16) algorithm implementation to the physical structure of the
The transfer matrix of the model written in table form is DNA molecule. Each transfer matrix of the model corre-
thus: sponds to the NN dimer and contains the NN dimer data in a
clear and explicit form. The boundary condition vectors in
1 a; 0 0 --- the algorithm correspond to the boundary corrections of the
UB(l)a;p O ay; O -- 'II\'IL\I rlnodel and ct())ngziln thf;—z NN model initiationdp_arameters.
p=| UB2ayw 0 0 ay - |, 17 e long range bubble effects are incorporated in our trans-

fer matrix and counted in the partition function calculation at
UB)a;p 0 0 0 - the site of the bubble closur@r opening for the reverse
: : : : sequence and the transposed transfer majrixgsus this
long range interaction can be efficiently considered within
where the index is skipped for simplicity. The partition the transfer matrix technique as a local effect on the new
function of the oligomer can be calculated using EJwith  extended states of the model.
the transfer matrix(17) and the free boundary conditions Al Jocal observables and local correlations can be easily
specified by the Scovector and 3vector: derived from the partition function of the model in the arbi-
_ 5 trary sequence case. The other advantage of the transfer ma-
X1 =(1Uy,0....,0), trix technique is an easy way of obtaining the thermody-
_ — — (18 namic limit for homogeneous sequences, without using the
Yn= [1,\/U,'3, < VUG expSo)VURTT grand partition function. Here we just mention the result: if
we assume that the bubble entropy penalty is proportional to
the logarithm of the bubble siz&?(n)=-CgInn, we can
SEalcula’te explicitly the largest eigenvalue and the corre-

The square roots of the statistical weights in Ed) count%
of the pairing free energy not included in the first and the la

NN dimers, which corresponds to the NN moff2f] bound- ponding eigenvector of tHé X N matrix, the partition func-

ary corrections discussed in Sec. Ill. The last vector elemerﬁon and the average bubble size in the homogeneous ther-
Yn,N corresponds to the bubble of size equal to the oIigomegmaymimiC limit. One finds that if £ Cy<2, the average
i

length, i.e., the state with all pairings open and .Sepa.rat.e ze of the bubble is going to infinity near the temperature of
e phase transition and the phase transition is continuous,

S is included in theyy y vector component providing the : - : i}
partition function of the dissociated state. If we are not tak-Whlle for Cg=2, the average bubble size at the phase tran

I . . ” sition is finite, and the phase transition is of the first order.
Ing into Cﬁn&derapod@D snd tge bounig}[ry cor:dlttlr?n feflflect_s, These results were obtained previously in the literature
we can chose periodic boundary conditions. In the following : " :
we call the model described by Eq®), (17), and(18) the 4,25, using the grand partition function.
NX N model.

To calculate the local observables, we proceed as in Sec. VI. CONCLUSIONS
[l [see Eq(9) and following|. For example, the probabilities

that theith base pair is paired or unpaired are We propose a model for the temperature driven melting of

DNA secondary structure where pairing and stacking inter-
Poaii) = Xi.o¥i.dZn  and  Puopaifi) = > X nYi ol Zn- actions between bases are explicitly introduced as distinct
n#0 degrees of freedom. The geometrical constraints imposed by
(19) the structure of the double helithe ground stade such as
for example the fact that one isolated unpairing also forces at
We analyzed the experimental data of Fig. 2 with e least one unstacking, are implemented through restrictions in
X N model, choosing the value of the bubble expon€gt the possible states of the NN dimer. This local mechanism
=2.1 from[8]. The melting curves derived from thHéX N results in the appearance of longer range correlations respon-
model are essentially indistinguishable from the curves ofible for the cooperative opening of bubbles bounded by ds
the 2x 2 model, upon small adjustments of the model's pa-segments, as observed in experimgm3]. The model de-
rameters. In Table Il we list values of the thermodynamicscribes the melting curves of oligomers in the entire tempera-
parameters which produce melting curves for the 60-meture range, including after strand separation, where the effect
identical to the ones in Fig. 2, using thex2 andNXN  of residual stacking is not captured by previous models. In
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addition, the model explains the observed temperature dexnd become local objects. The size of the transfer matrix is
pendence of the NN model parameters, and the gap in thiae length of the polymer, but most of the transfer matrix
specific heat. The model in its simplest form treats the sglements are zero. The algorithm complexity grows quadrati-
segments as ideal random walkeimber of states increasing cally and computer memory grows linearly with DNA
exponentially with length similarly to the NN model. An  |ength, as for the classic Poland algoritiBi. Finally, the
extension of the same transfer matrix formalism properly actransfer matrix technique allow us to easily calculate the ho-

counts for the entropy of the closed loops. The advantage Gfogeneous thermodynamic limit of the model.
our algorithm is the simple structure of the transfer matrix.

The structure of the transfer matrixes directly reflects the real
structure of the NN model dimers and the stacking interac-
tion of the double and single stranded DNA can be taken into
account. The matrix elements are the statistical weights of We thank Professor Joseph Rudn{€kCLA) and Mikhalil
the dimer states, and the boundary condition vectors corres. Ivanov (MIPT, Moscow, Russigafor discussions of the
spond to the NN model boundary corrections. The bubblesnodel, and Michael EntiiMicrosoft) for advice on the pa-
are counted in the transfer matrix at the site of their closuretameter search.
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